Abstract. We provide a comprehensive test of factorization in the heavy-heavy B decays motivated by the recent experimental data from the BELLE and BABAR collaborations. The penguin effects are not negligible in the B decays with two pseudoscalar mesons. The direct CP asymmetries are found to be a few percent. We give estimates on the weak annihilation contributions by analogy to the observed annihilation-dominated processes. The Nc insensitivity of branching ratios indicates that the soft final state interactions are not dominant. We also study the polarizations in B → D * D * (s) decays. The power law shows that the transverse perpendicular polarization fraction is small. The effects of the heavy quark symmetry breaking caused by the perturbative QCD and power corrections on the transverse polarization are also investigated.
Introduction
The study of B meson weak decays is of high interest in heavy flavor physics and CP violation. In particular, much attention has been paid to the two-body charmless hadronic B decays, but there are relatively less discussions on the decays with charmful mesons, such as the modes with two charmed mesons in which the final states are both heavy. However, the two charmed-meson decays can provide some valuable and unique information which is different from the light meson productions. For example, CP asymmetries in the decays of B → D ( * )+ D ( * )− play important roles in testing the consistency of the standard model (SM) as well as exploring new physics [1] . Moreover, these decays are ideal modes to check the factorization hypothesis as the phenomenon of color transparency for the light energetic hadron is not applicable. Since the decay branching ratios (BRs), CP asymmetries (CPAs) and polarizations of B → D ( * ) D ( * ) (D ( * ) D ( * ) s ) have been partially observed in experiments [2] [3] [4] , it is timely to examine these heavy-heavy B decays in more detail.
At the quark level, one concludes that the two charmedmeson decays are dominated by tree contributions since the corresponding inclusive modes are b → qcc with q = s and d. It is known that the factorization has been tested a e-mail: phychen@mail.ncku.edu.tw b e-mail: geng@phys.nthu.edu.tw c e-mail: weizt@phys.sinica.edu.tw to be successful in the usual color-allowed processes. However, the mechanism of factorization in heavy-heavy decays is not the same as the case of the light hadron productions. The color transparency argument [5] for light energetic hadrons is no longer valid to the modes with heavy-heavy final states. The reason can be given as follows. Due to the intrinsic soft dynamics in the charmedmeson, non-vanishing soft gluon contributions are involved in the strong interactions between an emission heavy meson with the remained BD ( * ) system. Since the corresponding divergences may not be absorbed in the definition of the hadronic form factor or hadron wave function, the decoupling of soft divergences is broken. This means that the mechanism of factorization has to be beyond the perturbative frameworks, such as QCD factorization [6] and soft-collinear effective theory [7] . The large N c limit is another mechanism to justify factorization [8] , corresponding to the effective color number N c = ∞ in the naive factorization approach [9] . The understanding of factorization in heavy-heavy decays requires some quantitative knowledge of non-perturbative physics which is not under control in theory. In this paper, we will assume the factorization hypothesis and apply the generalized factorization approach (GFA) [10, 11] to calculate the hadronic matrix elements.
It is known that annihilation contributions and nonfactorizable effects with final state interactions (FSIs) play an important role during the light meson production in B meson decays. For instance, to get large strong phases for CP asymmetries in B → Kπ and B → ππ decays, these effects are to be included inevitably [12, 13] . are annihilationdominated processes. Therefore, measurements of these decays will clearly tell us the importance of annihilation contributions in the production of two charmed-meson modes.
For the color-allowed decays, since the short-distant (SD) non-factorizable parts are associated with the Wilson coefficient (WC) of C 1 /N c , where C 1 is induced by the gluon-loop and it is much smaller than C 2 ∼ 1, we can see that the effects arising from the SD non-spectator contributions should be small [16] . Nevertheless, long-distant (LD) non-factorizable contributions governed by rescattering effects or FSIs may not be negligible. Inspired by the anomaly of the large transverse perpendicular polarization, denoted by R ⊥ , in B → φK * decays, if there exist significant LD effects, we believe that large values of R ⊥ may appear in B → D * D * and B → D * D * s too. As we will discuss, the power law in the two-vector charmed-meson decay leads to a small R ⊥ . The recent measurement of the polarization fraction by the BELLE collaboration gives R ⊥ = 0.19 ± 0.08 ± 0.01 [3] in which the central value is about a factor of three comparing with the model-independent prediction within the factorization approach and heavy quark symmetry. Clearly, to get the implication from the data, we need a detailed analysis in two charmful final states of B decays.
To estimate the relevant hadronic effects for two-body decays in the B system, we use the GFA, in which the leading effects are factorized parts, while the non-factorized effects are lumped and characterized by the effective number of colors, denoted by N eff c . Note that the scale and scheme dependences in effective WCs C eff i are insensitive. In the framework of the GFA, since the formulas for decay amplitudes are associated with the transition form factors, we consider them based on heavy quark effective theory (HQET) [17] . We will also study their α s [18] and power corrections which break heavy quark symmetry (HQS) [19] . In our analysis, we will try to find out the relationship between the HQS and its breaking effects for R ⊥ . In addition, we will reexamine the influence of penguin effects, neglected in the literature [20] . We will show that sizable CPAs in
This paper is organized as follows. In Sect. 2, we give the effective Hamiltonian for the heavy-heavy B decays. The definition of heavy-to-heavy form factors are also introduced. In Sect. 3, we show the general formulas for B to two charmful states in the framework of the GFA. The effects of the heavy quark symmetry breaking on the transverse perpendicular polarization are investigated. In Sect. 4, we provide the numerical predictions on the BRs, direct CPAs and the polarization fractions. Conclusions are given in Sect. 5. We collect all factorized amplitudes for B → P P, P V (V P ) and V V decays in the appendices.
Effective interactions and parametrization of form factors
The relevant effective Hamiltonian for the B meson decaying to two charmful meson states is given by [21] H
where q = s and d, V ij denote the Cabibbo-KobayashiMasikawa (CKM) matrix elements, C i (µ) are the Wilson coefficients (WCs) and O i are the four-fermion operators, given by
with i and j being the color indices, O 3−6 (O 7−10 ) the QCD (electroweak) penguin operators and (q 1 q 2 ) V ±A = q 1 γ µ (1 ± γ 5 )q 2 . In order to cancel the renormalization scale and scheme dependence in the WCs of C i (µ), the effective WCs are introduced by
Since the matrix element O tree is given at tree level, the effective WCs are renormalization scale and scheme independent. To be more useful, we can define the effective WCs as (N eff c ) 6,5
(N eff c ) 8, 7 ,
where
with χ i being the non-factorizable terms. In the GFA, the 1/(N eff c ) i are assumed to be universal and real in the absence of FSIs. In the naive factorization, all effective WCs C eff i are reduced to the corresponding WCs of C i in the effective Hamiltonian and the non-factorizable terms are neglected, i.e., χ i = 0.
Under the factorization hypothesis, the tree level hadronic matrix element O tree is factorized into a product of two matrix elements of single currents, which are represented by the decay constant and form factors. The B → H (H = D, D * ) transition form factors are crucial ingredients in the GFA for the heavy-heavy decays. To obtain the transition elements of B → H with various weak vertices, we first parameterize them in terms of the relevant form factors under the conventional forms as follows:
where 
According to the HQET, it will be more convenient to define the form factors in terms of the velocity of the heavy quark rather than the momentum. The definition of these form factors can be found in [19] and the relation with the conventional ones are given by
It is known that under the HQS, ξ + = ξ V = ξ A 1 = ξ A 3 = ξ(w) and ξ − = ξ A 2 = 0. In our numerical estimations, we will base on the results of the HQS and include α s and 1/m B power corrections as well.
Generalized factorization formulas and polarization fractions of VV modes
By the effective interactions and the form factors defined in the previous chapter, the decay amplitude could be described by the product of the effective WCs and the hadronic matrix elements in the framework of the GFA. For the hadronic matrix elements in B → P P decays, we will follow the notation of [11] , given by
and m b,1,2,3 correspond to the masses of quarks. The vertex (S − P ) ⊗ (S + P ) is from the Fierz transformation of (V − A) ⊗ (V + A). To get the decay constant and form factors for scalar vertices, we have utilized the equation of motion for on-shell quarks. Moreover, we use
and
for B → P V (V P ) and B → V V , respectively. We note that the sign difference of X
and X
in (9) will make the penguin effects become non-negligible. On the other hand, the same sign of X (BV,P ) 1
and X (BV,P ) 2 in (10) leads to the penguin effects negligible. Since the time-like form factors for annihilation contributions are uncertain, we take Y
where M can be pseudoscalar or vector bosons. Note that due to the identity of ε i (p i ) · p i = 0, we have used V |(q 2 q 3 ) S+P |0 = 0. With these notations and associated effective WCs, one can display the decay amplitude for the specific decay mode. We give a summary of the relevant decay amplitudes in the appendices. Once we get the decay amplitude, denoted by A(B → M 1 M 2 ), the corresponding decay rate of the two-body mode could be obtained by
with p being the spatial momentum of M 1,2 . Consequently, the direct CPA is defined by
Besides the BRs and CPAs, we can also study the polarizations of the vector mesons in B → V V decays. To discuss the polarizations, one can write the general decay amplitudes in the helicity basis to be
In this basis, the amplitudes with various helicities can be given as
. In addition, we can define the polarization amplitudes as
Accordingly, the decay rate expressed by helicity amplitudes for the VV mode can be written as
and the polarization fractions can be defined as
where i = 0 and (⊥), representing the longitudinal and transverse parallel (perpendicular) components, respectively, with the relation of R 0 + R + R ⊥ = 1. Under CP parities, R 0, are CP -even while R ⊥ is CP -odd. From the hadronic matrix element in (11), the amplitudes a, b and c in the framework of the GFA are expressed by
whereC eff represents the involved WCs and CKM matrix elements. With the form factors in (8) and the heavy quark limit, we get that the ratios r b = b/a and r c = c/a are related. Explicitly, we have
which are small. From (15) and (16), we find that the polarization fractions behave as
which indicate that the power law in the heavy-heavy decays is different from the light-light ones, which are expected to be
. Moreover, R ⊥ is directly related to c and can be written as
paring to the result in the HQS, we find an interesting relation:
where R HQS ⊥ = 0.055 denotes the transverse perpendicular fraction under the HQS. As a good approximation, the form factor A 2 -dependent of R ⊥ is decoupled. By the relationship, we can clearly understand the influence of the HQS breaking effects.
Numerical analysis and discussions

Estimations on the annihilation contributions
Since the annihilation contributions relate to time-like form factors and there are no direct experimental measurements, we shall neglect them in our calculations. However, to make sure that the neglected parts are small, we can con 
and BR(B 0 → J/ψD 0 ) < 1.3 × 10 −5 [22] , respectively. By the flavor-diagram analysis, shown in Fig. 1 , except there appears a CKM-suppressed factor V cd ≈ λ (see Fig. 1a ). To give a detailed analysis, we can include the character of each mode, governed by the meson distribution amplitudes. For simplicity, we will concentrate on the leading twist effects and take the meson wave functions to be
0.7 [25] and [26] , where x is the momentum fraction of the parton inside the meson and f D,Ds,J/Ψ,K are the decay constants of D, D s , J/Ψ and K mesons, respectively. From these wave functions, we know that the maximum contributions are from x 0 ≈ (0.35, 0.43, 0.5, 0.5) for (D, D s , J/Ψ, K). With the information, we can estimate the decay amplitudes in order of magnitude for Fig. 1a and b with q = s(c) and q = u(s), respectively. Note that there exists a chiral suppression in the factorized parts in annihilation contributions. However, we just consider the non-factorized effects in the estimations. Therefore, by Fig. 1 with the gluon exchange, the decay amplitude is related to the propagators of the gluon and the light quark, described by 1/(
where k 2(3) denote the momenta carried by the spectators. For simplicity, we have neglected the momentum carried by the light quark of the B meson. By the momentum fraction, the decay amplitude could satisfy that A ∝ 1/(x 2 x 3 )
2 . Hence, the relative size of the decay amplitudes could be given approximately as With the information of maximum contributions, characterized by x 0 for each mode, we get
With the kinetic effects, the ratios of BRs roughly are to be BR(D ), which implies that annihilation effects could be neglected in the discussions on the BR of the production for color-allowed two charmful mesons. We note that our estimations are just based on SD effects and at the level of order of magnitude. Clearly, direct experimental measurements are needed to confirm our results. 
where ξ(w) is the Isgur-Wise function, α + = α V = α A 1 = α A 3 = 1, α − = α A 2 = 0 and β i (ω) and γ i (ω) stand for effects of α s and power corrections, respectively. Explicitly, for the two-body decays in our study, ω ∼ 1.3 and the values of the other parameters are summarized as follows [18, 19] :
Clearly, the range of their effects is from a few percent to the 20% level. In particular, the power corrections to the form factor ξ V (or say V (q 2 )) are the largest, about 20%. The resultant is also consistent with other QCD approaches, such as the constitute quark model (CQM) [27] and the light-front (LF) QCD [28] .
After taking care of the corrections, the remaining unknown is the Isgur-Wise function. To determine it, we adopt a linear parametrization to be ξ(w) = 1 − ρ 
Results for BRs and polarization fractions
To get the numerical estimations, the input values for the relevant parameters are taken to be as follows [2, 29, 30] : Table 2 . BRs (in unit of 10 −3 ) for B → P V (V P ) decays with ρ m b = 4.5 GeV. (25) Note that the numerical results are insensitive to light quark masses. As to the WCs, we adopt the formulas up to one-loop corrections presented in [11] and set µ = 2.5 GeV.
As mentioned early, since the non-factorized contributions are grouped into N eff c , the color number in (4) will be regarded as a variable. To display their effects, we take the values of N Tables 1,  2 and 3 for P P , P V (V P ) and V V modes, respectively. In order to accord with the experimental data, our predictions of the BRs are given as the CP -averaged values. For comparisons, we also calculate the results in terms of the form factors given by the CQM and LF, which are displayed in Table 4 . Since the CPAs are quite similar in different models, in Table 4 we just show the results in our approach. As to the polarization fractions, we present them in Table 5 . Therein, to understand the influence of the HQS breaking effects, we separate the results to be HQS and HQS I(II) , representing the HQS results and those with α s (α s + power) corrections, respectively. We now present our discussions on the results as follows.
(1) The non-factorizable contributions are not dominant for color-allowed two charmed-meson decays. According to the classification in [10, 11] , the decay modes displaced in Tables 1-3 belong to class I, which are dominated by the external W -emission. The leading decay amplitudes are proportional to the effective coefficient a 1 , which is stable against the variation of N eff c . Thus, the predicted branching ratios are insensitive to N eff c . This means that annihilation contributions and FSIs, neglected in the GFA, are sub-leading contributions. On the other hand, by varying N eff c from 3 to 2, or 3 to ∞, the branching ratios change by about 10%-20%, which should be of the same order Tables 1-3 , there are no obvious deviations of the theoretical predictions from the experimental data within the present errors. It is also interesting to note that N eff c = ∞ is not excluded by experiments if considering the uncertainties of decay constants and from factors. Thus, the large N c limit as a mechanism of factorization is not disfavored yet.
(2) The main uncertainties of theory come from the decay constants and form factors. Because the decay amplitudes are proportional to decay constants, it is clear that the theoretical predictions can be changed with different values of the decay constants. For instance, the branching ratio is BR(our result) × f Ds 0.24
s ) = 18.8 ± 0.9 ± 1.7 seems to favor a lower f D * s ≈ 0.24 than our choice of 0.275. However, this point has to be checked by other processes. For the form factors, the predictions of BRs in our approach are slightly lower than those in other two approaches (CQM and LF). The present experimental data cannot distinguish which model is more preferred. More precise data are necessary. Another place to test different approaches is through the transverse polarization R ⊥ . From Table 5 , R ⊥ is predicted to be 0.07, 0.08 and 0.09 in the CQM, LF and HQET, respectively. The larger prediction in the HQET is due to α s corrections. Except the model-dependent calculation of power corrections in different approaches, one advantage of the HQET is that it permits the calculations of perturbative QCD corrections systematically.
(3) The penguin effects cannot be neglected in B → P P decays. By using the decay amplitudes in the appendices, the definitions of hadronic effects in (9) and (10) and the condition of ε i (p i ) · p i = 0, we know that the effects of penguin (P ) to tree (T ) level, denoted by P/T , for P P , V P and V V modes are proportional to (a have the same sign, we see clearly that penguin effects in the P P modes are larger than those in the V V modes; however, due to the cancelation between a eff(c) 4 and a eff(c) 6 , penguin effects could be neglected in B → V P decays. Hence, the ratios |P/T | for P P , V P and V V (P V ) are around 15%, 0% and 4%, respectively. For the P P, V V (P V ) modes, our predictions are consistent with the results in [31, 32] . Note that an 4% penguin contribution was obtained for the V P modes in [31] . The difference is due to that they used a lower charm quark mass (m c = 0.95 GeV) than ours. For all the decay modes, the electroweak penguin contributions can be negligible (less than 1%).
(4) Without FSIs, we find that the BRs in the neutral and charged modes have the following relationships:
In addition, the decays with non-strangeness charmed mesons are Cabibbo-suppressed compared to the decays with the D ( * )
s -emission and they satisfy
Clearly, if large deviations from the equalities in (26) with O(10 −4 ) are seen, it will be another hint for FSIs [33] .
(5) For the decay amplitude, we write
where T and P represent tree and penguin amplitudes, and we have chosen the convention such that T and P are real numbers and θ W and δ are the CP weak and strong phases, respectively. From (13) , the CPA can be described by
According to the discussions in (1), the maximum CPAs in P P , P V and V V (V P ) are expected to be around 26%, 0% and 8%, respectively. However, in B → D ( * ) D ( * ) decays, due to |θ W | = |φ 1 |, if we take δ = 90
• and φ = 23.4
• , the maximum CPAs for P P and V V (V P ) modes are 10.3% and 1.6%, respectively. Clearly, in the SM, the CPA with O(10%) can be reached in B → DD decays. Due to the associated CKM matrix element being V ts ≈ −Aλ decays. In the GFA, since the strong phases mainly arise from the one-loop corrections which are usually small, our results on CPAs, shown in Table 4 , are all at a few percent level. Therefore, if the CPAs of O(10%) are found in
we can conclude the large effects of the strong phase are from FSIs.
(6) As discussed before, we know that in two charmful decays the polarization fractions satisfy R ⊥ R 0 ∼ R . The current experimental data are R 0 = 0.52 ± 0.05 [2] for B 0 → D * + D * − s and R 0 = 0.57 ± 0.08 ± 0.02, R ⊥ = 0.19 ± 0.08 ± 0.01 [3] and R ⊥ = 0.063 ± 0.055 ± 0.009 [4] for B 0 → D * + D * − . We can see that the experimental measurements support the power-law relation. To estimate how large R ⊥ can be in theory, we use the relationship in (21) and the form factors in (7) and we obtain
With the values in (24) and R HQS ⊥ = 0.055, we get R ⊥ ≈ 10%. The detailed numerical values can be found in Table 5 . Interestingly, for the B 0 → D * + D * − decay, the estimated result is close to the upper limit of R ⊥ = 0.063 ± 0.055 ± 0.009 observed by BABAR [4] but close to the lower limit of R ⊥ = 0.19 ± 0.08 ± 0.01 observed by BELLE [3] . We note that our results are different from the PQCD predictions in which R ⊥ ∼ 0.06 [16] . From our results, we can conjecture that if a large R ⊥ , say around 20%, is observed, large contributions should arise from FSIs.
Conclusions
We have presented a detailed study of B decaying into two charmed mesons in the generalized factorization approach. The penguin contributions have also been taken into account. If the final states are both pseudoscalar mesons, the ratio of penguin and tree contributions is about 10% in the decay amplitude. The direct CP violating asymmetries have been estimated to be a few percent. For the show that the soft FSIs are not dominant. However, we cannot draw the conclusion that they are negligible. Their effects can be of order 10%-20% for branching ratios as indicated from the variation of N eff c . Since the soft divergences are not canceled in the non-factorizable corrections, this may indicate that the strong interactions at low energy either become weak or are suppressed by some unknown parameters (such as N c in the large N c theory). If the factorization is still a working concept in the heavy-heavy decays, there must be some non-perturbative mechanisms which prefer the factorization of a large-size charmed meson from an "soft cloud" environment. A relevant comment on the necessity of non-perturbative QCD justification can be found in [34] .
The polarization structure in the heavy-heavy decays has shown that the transverse perpendicular polarization fraction R ⊥ is the smallest while the other two are comparable in size. This structure follows from the QCD dynamics in the heavy quark limit. We have found one relation between the transverse perpendicular polarization fraction and the ratios of form factors, in particular V (q 2 )/A 1 (q 2 ). The corrections to the heavy quark limit give an enhancement of R ⊥ from 0.055 to about 0.09. Since the FSIs are not significant, we do not expect that FSIs can change our prediction of R ⊥ substantially. If future measurements confirm R ⊥ ∼ 0.2 as the recent measurement by BELLE, it will be difficult to explain within the HQET and the factorization hypothesis.
In conclusion, our study has shown that the factorization works well in B meson heavy-heavy decays at present. More precise experimental data are desired to give a better justification. For theory, to explain the mechanism of factorization in the heavy-heavy decays is of high interest. The measurement of the transverse perpendicular polarization provides important information on the size of the heavy quark symmetry breaking or the possibility of large non-factorizable effects. 
